In this note we show that a connected, closed and locally convex subset (with an extra assumption on the diameter with respect to the induced length metric if κ > 0) of a CAT(κ) space is convex.
Introduction
The study of convex subsets of geodesic metric spaces is a very natural and interesting geometric question. In this note we are interested in metric spaces with curvature bounded from above in the sense of Alexandrov, that is, in CAT(κ) spaces. Convex subsets play a special role in the study of the geometry of such spaces.
For instance, in [KL06] Kleiner and Leeb study convex subsets of symmetric spaces of noncompact type (which are examples of simply connected Riemannian manifolds of nonpositive curvature, in particular, CAT(0) spaces) and their boundaries at infinity under the actions of certain groups of isometries. These boundaries at infinity endowed with the Tits metric are examples of spherical buildings, which are in turn CAT(1) spaces. Motivated by their analysis in [KL06] the authors ask if the circumradius of a convex subset of a spherical building must be ≤ π 2 or it is itself a spherical building. A weaker version of this question is Tits' Center Conjecture, which is concerned with fixed points of groups of isometries acting on convex subcomplexes of spherical buildings (see [MT06] , [LRC11] [RC12], [MW] for a complete answer to this conjecture, we refer also to [BL05] for a related result).
In the case of CAT(0) spaces there is a folklore question asking if the closed convex hull of a finite subset in a CAT(0) space is compact. Clearly, the interesting case is when the space is not locally compact. See e.g. mathoverflow.net/questions/6627/ for a discussion on this problem.
If we regard unbounded subsets instead of finite subsets, we can ask now how the asymptotic geometry is affected by taking the convex hull. In [HLS00] they give an example of a subset S of a CAT(−1) space, such that the boundary at infinity of the convex hull CH(S) is bigger than the boundary at infinity of S. In contrast, they prove that if S is the union of finitely many convex subsets, then its convex hull has the same boundary at infinity as S. This result is not true in general in the CAT(0) case (e.g. consider the Euclidean space ).
Consider the following related question. Which convex subsets B of the ideal boundary (with the Tits metric) of a CAT(0) space X can be realized as ideal boundaries of convex subsets of X? In [KL06] they address the case when X is a symmetric space or a Euclidean building and B ⊂ ∂ T X is a top-dimensional subbuilding. In [Bal08] Balser studies the case of Euclidean buildings X of type A 2 and characterizes 0-dimensional convex subsets B ⊂ ∂ T X arising as ideal boundaries of convex subsets of X.
All this problems concern themselves in one way or another with the constructions of convex subsets of CAT(κ) spaces. It is, therefore, useful to have a tool to decide whether a given subset is convex or not. One can construct convex subsets of CAT(0) spaces by considering points, geodesics, horoballs and taking tubular neighborhoods and intersections of them. In [Bal08] the author also considers unions of these objects. In general unions of convex sets will not be convex, hence, in order to verify that the constructed subsets are convex, he proves and uses the following result. Let C ⊂ X be a closed connected subset of a CAT(0) space X and suppose that there is an ε > 0 such that C is ε-locally convex (i.e. B p (ε)∩C is convex for all p ∈ C), then C is convex. That is, one must verify the convexity of C only locally. One can actually drop the assumption that the ε must be chosen uniformly in C as is required in [Bal08] , this result is a consequence of the Cartan-Hadamard Theorem [BH99, Thm. 4.1]. Indeed, the assumption implies that C is a locally CAT(0) space (in the restricted metric) and the Cartan-Hadamard Theorem says that in this situation the universal coverC of C is a CAT(0) space. Now we claim that C =C. If there is a non null-homotopic loop in C, then its lift toC is a non closed curve. SinceC is CAT(0), this lift is homotopic to the unique geodesic segment joining its endpoints.
Projecting this homotopy to C shows that every non null-homotopic loop in C is homotopic to a unique locally geodesic loop, but there are no locally geodesic loops in X, hence, C is simply connected and a CAT(0) space. In particular C is a geodesic space and since geodesics in X are unique we conclude that C is convex. (c.f. [Gro01, Sec. 24], [BW12] .)
In the case of CAT(κ) spaces for κ > 0 there is an analogous result in [Bow95] to CartanHadamard for locally compact spaces. It says that a locally compact, locally CAT(1) space is CAT(1) if and only if every loop of length < 2π can be homotoped to a point by loops of length < 2π (this property being the analogous of simply connected in the CAT(0) case). One could use again this result as above to show that a closed, connected, locally convex subset (with an extra assumption on the diameter with respect to the induced length metric, see Theorem 1.1 below) of a locally compact CAT(1) space is convex. Another argument for the locally compact case using the Hopf-Rinow Theorem can be found in [BW12] . In this note we observe, that in order to show this result for CAT(κ) spaces, we do not need the full strength of the Cartan-Hadamard Theorem and we can use instead the fact that our locally CAT(κ) space already lives in an ambient CAT(κ) (and in particular, geodesic) space. This allows us to give an unified proof for arbitrary κ without the assumption of local compactness.
Let D κ be π/ √ κ for κ > 0 and ∞ for κ ≤ 0 (see Section 2). The main result of this note is:
If the diameter diam ℓ (C) of C with respect to the length metric is
Observe that in the case κ ≤ 0 the assumption in (2) on the diameter is always satisfied and C is always a convex subset. If κ > 0 then it is not true in general that d(x, y) = ℓ(x, y), consider e.g. a segment of length π + ǫ on the unit circle, it is locally convex but not convex. Nevertheless, it is certainly CAT(1) with respect to the length metric (cf. with the result in Section 4). Theorem 1.1(2) was first shown in the case of Euclidean spaces by Tietze and Nakajima in [Tie28] , [Nak28] . For locally compact Busemann spaces it has been proven by Papadopoulos in [Pap05, Sec. 8.3] (we note that our proof of Theorem 1.1(1-2) also works unchanged for general Busemann spaces). Bux and Witzel proved the cases of CAT(0) and locally compact CAT(1) spaces in [BW12] .
In Section 4 we use Theorem 1.1 to show that in the case of subsets of dimension ≥ 2 of spherical buildings, we do not need the assumption on the diameter, thus, connected, closed, locally convex subsets are always convex. The condition on the dimension is necessary as explained in the example above.
I would like to thank S. Witzel for pointing me out some missing references and drawing my attention to their preprint [BW12] .
Preliminaries
In this section we will recall some definitions and fix the notation. We refer to [BH99] for more information on CAT(κ) spaces.
Metric spaces
Let (X, d) be a metric space. For r > 0 and x ∈ X we denote with B x (r) the open metric ball of radius r centered at x.
A geodesic segment is a curve whose length realizes the distance between its endpoints. If there is a unique geodesic between two points x, y ∈ X we denote it with xy. X is said to be a geodesic metric space if there exists geodesics between any two points and it is d-geodesic if this is true for any two points at distance < d.
The link Σ x X at a point x ∈ X is the space of directions of geodesic segments in X emanating from x equipped with the angle metric. If x = y and there is a unique geodesic between them, we denote with − → xy ∈ Σ x X its direction at x.
d(x, y). If the midpoint is unique we denote it with m(x, y).
The length metric associated to d is defined as follows: the distance between two points is the infimum of the lengths (measured with respect to d) of rectifiable curves connecting them.
CAT(κ) spaces
Recall that a complete D k -geodesic metric space (X, d) is said to be CAT(κ) if all geodesic triangles of perimeter < 2D κ are not thicker than the corresponding comparison triangles on the model space M κ .
In a CAT(κ) space, points at distance < D κ are joined by a unique geodesic, and these geodesics vary continuously with their endpoints. A local geodesic of length < D κ is a geodesic.
We say that a subset C of a CAT(κ) is convex if for every two points in C at distance < D κ the unique geodesic segment between them is contained in C. A closed convex subset of a CAT(κ) space is itself CAT(κ).
Proof of the main result
In this section all geometric objects like geodesics, metric balls, etc. will be taken with respect to the metric d if not said otherwise.
First notice that the induced length metric ℓ in C is finite. Indeed, the set of points that can be connected to a given point with a rectifiable curve in C is clearly open and closed in C, because of the local convexity of C.
Let x ∈ C and define C x as the subset of C of points y such that d(x, y) < D κ and the geodesic segment xy is contained in C. In particular ℓ(x, y) = d(x, y) for all y ∈ C x .
Lemma 3.1. C x is open in C.
Proof. Let y ∈ C x and write D := d(x, y) < D κ . By local convexity, we can choose an ε with D κ /2 > ε > 0 and such that B y ′ (ε) ∩ C is convex for all y ′ ∈ xy. We follow the proof of [BH99, Lemma 4.3(1)] and modify it to work in our setting. The proof is some kind of induction. Consider the following statement in the real number d ≥ 0:
There exists a positive number 
This shows the first conclusion of the statement.
by the induction hypothesis it follows thatxb 0 ⊂ C. Analogously, a 0ȳ ⊂ C. We define inductively a n+1 := m(x, b n ) and b n+1 := m(ȳ, a n ) (see Figure 1 ). That they are well defined (i.e. d(x, b n ), d(ȳ, a n ) < D κ ) is a consequence of (iii) below. We want to prove the following.
(ii)xb n ,ȳa n ⊂ C.
This would finish the proof of the induction step. Indeed, by (i) the sequences {a n }, {b n } are Cauchy and because X is complete and C is closed, there are points a, b ∈ C with a n → a and b n → b. The geodesicsxb n ,ȳa n ⊂ C converge to geodesicsxb,ȳa ⊂ C, because geodesics of length < D κ in CAT (κ) spaces vary continuously with their endpoints. The midpoint of the geodesicxb is a and the midpoint of the geodesic aȳ is b, hence, the union ofxb and aȳ is a local geodesic betweenx andȳ. This local geodesic must coincide withxȳ because it has length
(ii) follows from (i) and the induction hypothesis for d:
if a n , b n ∈ C then by the induction hypothesis,xb n ,ȳa n ⊂ C, which in turn implies that a n+1 , b n+1 ∈ C. Now (ii) follows inductively.
It remains to prove (i) and (iii). Suppose (i) is true for all n ≤ m. Then for n ≤ m holds
). Thus, (iii) is true for all n ≤ m. Consider the triangle (ȳ, a m−1 , a m ) . Then, by the definition of the constant K above (given by Proposition A.1), it
Hence, (i) is true for all n ≤ m + 1. Now (i) and (iii) follow again inductively.
Let now y ∈ C such that ℓ(x, y) < D κ . Let γ be a curve in C connecting x and y of length L(γ) with ℓ(x, y) ≤ L(γ) < D κ . By Lemma 3.1, the set C x ∩ γ is open in γ. It is also closed because L(γ) < D κ and geodesics of length < D κ in CAT(κ) spaces vary continuously with their endpoints. Hence, y ∈ C x and xy ⊂ C. This proves the first assertion of (1).
If ℓ(x, y) = D κ , then we can choose points y n ∈ C with ℓ(x, y n ) < D κ and ℓ(y n , y) → 0. The second assertion of (1) follows by the first part and continuity. (2) is a direct consequence of (1).
To show (3), first notice that by (1), (C, ℓ) is D κ -geodesic. Let x 0 , x 1 , x 2 ∈ C be the vertices of a geodesic (with respect to ℓ) triangle ∆ of perimeter < 2D κ . In particular, each side of the triangle has length < D κ . Then by (1) it follows that ℓ(x i , x j ) = d(x i , x j ) and x i x j ⊂ C. Hence ∆ is also a geodesic triangle with respect to d. Let a, b be two points on the sides of ∆, they split the triangle in two curves in C and at least one of them has length < D κ . This implies that ℓ(a, b) < D κ and therefore ℓ(a, b) = d(a, b). That is, (∆, ℓ) is isometric to (∆, d). The CAT(κ) property for (C, ℓ) follows from the CAT(κ) property of (X, d).
Locally convex subsets of spherical buildings
We apply now Theorem 1.1 in the case of spherical buildings and obtain following result.
Theorem 4.1. Let C be a connected, closed, locally convex subset of a spherical building B. Suppose that dim(C) ≥ 2, then C is convex.
Proof. Suppose there are two points x, y ∈ C with ℓ(x, y) > π and let γ be a curve in C connecting them. There must be a pointx = y in γ with ℓ(x,x) = π and therefore d(x,x) = π by Theorem 1.1. That is, the curve γ contains antipodes of x. The antipodes of x have the same type (i.e. the same image in the model Weyl chamber under the natural projection). Recall that the distances between points of the same type in a spherical building have finitely many different possible values. This implies that γ contains only finitely many antipodesx 1 , . . . ,x k of x. We can also assume that γ meets each one of these antipodes only once. The next step is to observe that since dim(C) ≥ 2 we can change the curve γ to avoid each one of thex 1 , . . . ,x k and obtain a curve connecting x and y that does not meet any antipode of x. Let us make this observation more precise. Let r > 0 be such that Bx 1 (r) does not contain any antipode of x and Bx 1 (r) ∩ C is convex. Then (Bx 1 (r) ∩ C) \ {x 1 } is connected.
Let x 1 , y 1 ∈ C be te first, respectively the last, point of γ in Bx 1 (r) ∩ C. Hence we can replace the part of γ between x 1 and y 1 with a curve in (Bx 1 (r) ∩ C) \ {x 1 }. Repeating this procedure, we obtain a curve in C connecting x and y avoiding any antipodes of x. This contradicts our first observation at the beginning of the proof. It follows that diam ℓ (C) ≤ π and Theorem 1.1 implies that C is convex.
A A computation in spherical trigonometry Thus, f is monotone non-increasing and in particular, c ′ = f (β) ≤ f (α) ≤ Kc by the first case considered above.
